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The RT formula for static spacetimes arising in the AdS/CFT correspondence satisfies inequal-
ities that are not yet proven in the case of the HRT formula, which applies to general dynamical
spacetimes. Wall’s maximin construction is the only known technique for extending inequalities of
holographic entanglement entropy from the static to dynamical case. We show that this method
currently has no further utility when dealing with inequalities for five or fewer regions. Despite this
negative result, we propose the validity of one new inequality for covariant holographic entanglement
entropy for five regions. This inequality, while not maximin provable, is much weaker than many of
the inequalities satisfied by the RT formula and should therefore be easier to prove. If it is valid,
then there is strong evidence that holographic entanglement entropy plays a role in general space-
times including those that arise in cosmology. Our new inequality is obtained by the assumption
that the HRT formula satisfies every known balanced inequality obeyed by the Shannon entropies
of classical probability distributions. This is a property that the RT formula has been shown to
possess and which has been previously conjectured to hold for quantum mechanics in general.
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I. INTRODUCTION
The geometrical formula for entanglement entropy
[1][2] in AdS/CFT [3] reveals a great deal about the holo-
graphic structure of spacetime. It provides, for example,
a set of constraints in the form of linear entropy inequal-
ities on the structure of CFT states with classical bulk
duals. Studying these constraints provides important in-
formation about how bulk geometry is encoded in par-
ticular states of holographic CFTs.
The first such constraint to be discovered, the
monogamy of mutual information inequality, was found
in [4]. Additional constraints were then discovered in [5]
which introduced the notion of the holographic entropy
cone. This concept plays a central role here so we review
the construction in section II. (See also [6].)
∗ mrota@physics.ucsb.edu
† sjasonw@physics.ucsb.edu
The new entropy inequalities found in [5] have a critical
limitation: they have only been proven in the special case
of static spacetimes. In this work we instead focus on en-
tanglement constraints that apply in generality. The only
technique currently available to prove that inequalities
valid for static holographic entanglement entropy remain
valid in the covariant case is Wall’s maximin technique
[7], which cannot be directly applied to the inequalities
found in [5]. However, it is still a sensible question to ask
whether there are other new inequalities, perhaps weaker
than those of [5], which can be proved with the maximin
method. In section IV we demonstrate that this is not
the case.
The underlying role that these inequalities play in
quantum gravity is not clear at present. While they are
generally regarded as restrictions on the class of states
that are suitable to have holographically dual spacetimes,
we suggest here that they may also play an additional
role: guaranteeing that holographic entanglement en-
tropy is consistent with quantum mechanics. This idea
can be used to explore the possibility that covariant holo-
graphic entanglement entropy can be extended beyond
the scope of the AdS/CFT correspondence [8]. In partic-
ular, if the inequalities of holographic entanglement en-
tropy are strong enough, then extremal surface construc-
tions in general realistic spacetimes must be consistent
with quantum mechanics as explained in section II.
II. HOLOGRAPHY AND THE QUANTUM
CONE
Consider a density matrix ρ on a conformal field theory
Hilbert space HCFT. We are particularly interested in ρ
if it can be regarded as a holographic state. By this we
mean that ρ can be viewed as a state on a semiclassical1
1 We are interested here only in the limit where Newton’s gravita-
tional constant is sent to zero.
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2field theory with an asymptotically locally AdS spacetime
background M . Not just any density matrix on HCFT is
a holographic state; ρ must satisfy certain criteria. In the
following we will be interested in constraints associated
with entanglement entropy.
Consider a state ρ on a particular time slice σ on the
conformal boundary ∂M , and on this time slice a sub-
region2 A ⊂ σ. The von Neumann entropy of A in the
state ρ, which we denote by S(A), can be computed by
finding the area of an HRT surface of A. The geometrical
HRT formula for S(A) may imply new constraints on ρ
that are not satisfied by all quantum states.
In fact, if M satisfies the null curvature condition, one
such constraint is already known. Suppose that A, B,
and C are three non-overlapping subregions of σ. Then,
we must have [4][7].
S(AB) + S(AC) + S(BC)
− S(A)− S(B)− S(C)− S(ABC) ≥ 0 (1)
This inequality is called monogamy of mutual infor-
mation (MMI) because it can be written in the form
I(A : B) + I(A : C) ≤ I(A : BC).
Entropic constraints such as this are described by the
holographic entropy cone [5] as we now explain. Fix a
positive integer N . We do not work with a CFT but in-
stead directly consider some asymptotically locally AdS
spacetime M which may have multiple asymptotic re-
gions and may even consist of multiple disconnected com-
ponents. Let σ be a time slice of the conformal boundary
and suppose that X1, . . . , XN are (nonempty) subregions
of σ that do not overlap except, perhaps, at their bound-
aries. The regions {Xi} actually define 2N −1 nonempty
subregions of σ by taking unions of the regions. We will
sometimes refer to these regions as subsystems. If Z is
one of these 2N−1 regions, let S(Z) denote 1/4 times the
area of an HRT surface of Z in Planck units. The func-
tion S can be conveniently regarded as an entropy vec-
tor3 a point in R2
N−1 whose components are the HRT
entropies of each of the subsystems in some particular
conventional order. We use the notation S(XI)I∈I for
the vector associated with S. Here, I is the power set of
{1, 2, . . . , N} minus the empty set, and XI = ∪i∈IXi.
Now consider repeating the construction of S(XI)I∈I
for every possible choice of M satisfying the null cur-
vature condition,4, every choice of σ, and every choice
2 By a subregion of σ, we mean a codimension 0 submanifold of σ
with boundary. A subregion can be disconnected.
3 We warn the reader that the usage of the word “entropy”, al-
though conventional, at this stage is not completely justified in
the dynamical context. A vector of areas of extremal surfaces in
fact could in principle be incompatible with the von Neumann
entropies of any quantum state. This is not the case for static
geometries [9].
4 The null curvature condition is a reasonable energy condition to
enforce in the classical limit as it arises in Einstein gravity as the
~→ 0 limit of the quantum null energy condition [10], which has
been proven to hold in [11].
of {Xi}. The topological closure of the collection of all
these entropy vectors is called the dynamical holographic
entropy cone for N regions. It is indeed a convex cone in
R2
N−1 and is thus defined by a (possibly infinite) collec-
tion of linear inequalities.5
An important modification of this cone construction
is to proceed exactly as above except that we only con-
sider asymptotically AdS spacetimes with the extra con-
dition of being static. We call the resulting cone the
static holographic entropy cone for N regions. This was
simply referred to as the “holographic entropy cone” in
[5]. However, we avoid this terminology to stress the im-
portance of the open problem to determine whether or
not the static and dynamical entropy cones are equal to
each other. For N ≤ 4, the static and dynamic cones
are exactly known and are in fact identical. For N ≥ 5,
neither the static nor dynamical cones are known and
there are several inequalities that have been proven for
the static cone [5] but thus far have no general proof for
the dynamical case—see the appendix VI.
The only inequalities that are known for the dynam-
ical cone are: positivity, subadditivity (SA), Araki-Lieb
(AL), strong subadditivity (SSA), weak monotonicity
(WM) and MMI. This does not mean that these are the
only possible inequalities, but instead suggests the dif-
ficulty of extending arguments for holographic entangle-
ment inequalities from the static to general case. In fact,
we prove in section IV that the only known method for
generalizing static inequalities, Wall’s “maximin” tech-
nique, cannot currently be used to obtain any further
dynamical inequalities.
It is useful to give a name to the cone defined by known
dynamical inequalities alone. Thus, for N ≥ 3, we de-
fine the MMI cone for N regions as the convex cone
in R2
N−1 defined by all possible realizations of positiv-
ity, subadditivity, Araki-Lieb and MMI 6. The dynamical
holographic entropy cone is a subcone of the MMI cone.
We also note that the MMI cone is is precisely equal to
both holographic entropy cones for N = 3 and N = 4 [5].
Holography in General Spacetimes and New Dynamical
Inequalities
Many of the most important spacetimes in physics,
like those that arise in cosmology, are beyond the scope
of the AdS/CFT correspondence. Despite this, proper-
ties of AdS/CFT may apply to quantum gravity broadly.
Holographic entanglement is one such property, and its
extension has the capacity to betray aspects of quantum
states for general spacetimes.
5 In the static case the cone has been proven to be polyhedral in
[5].
6 As a consequence of MMI, strong subadditivity and weak mono-
tonicity are redundant and there is no reason to include them in
the definition.
3A construction analogous to holographic entanglement
entropy, but which arises in generic realistic7 spacetimes,
was introduced in [8]. The basic idea of this approach
is simple: in spacetimes with no conformal boundary, we
consider instead a surface which has properties suggestive
of holographic duality and which reduces to the confor-
mal boundary in the appropriate cases. Then, on such a
surface, we compute the area of anchored extremal sur-
faces. Holographic screens [13], and especially their spe-
cial case of past and future holographic screens [14][12],
are ideal surfaces for these purposes.8
The screen entanglement proposal [8] is the postulate
that minimal extremal surfaces anchored to the unique
time slices of past or future holographic screens are in
fact von Neumann entropies for a quantum state despite
the fact that no framework is known for the quantum me-
chanics of completely general spacetimes. This proposal
is falsifiable even without such a framework as we now
explain. Let {Xi}Ni=1 be subregions of one of the unique
time slices of a past holographic screen and, following this
extremal surface construction, compute the entropy9 vec-
tor S(XI)I∈I ∈ R2N−1. If any entropy vector obtained
in this way lies outside of the quantum entropy cone10 for
N parties, then the screen entanglement proposal cannot
be valid.
There is evidence already that the proposal will never
be falsified in this way. The exact inequalities known to
be satisfied by the dynamical holographic entropy cone
are the inequalities also proven for entropy vectors ob-
tained from holographic screens [8]. In particular, the
screen generalization of the dynamical holographic en-
tropy cone is a subcone of the MMI cone which includes
all known inequalities of the quantum cone. However, as
discussed in section III, there are many further inequali-
ties that are conjecturally valid for quantum states. We
are thus led to the following nontrivial conjecture: the dy-
namical holographic entropy cone for N regions, as well
as its generalization for holographic screens, is a subcone
of the quantum entropy cone for N parties. This conjec-
ture is known to be valid for N ≤ 4, but the N = 5 case
is extremely difficult.11
7 By a realistic spacetime we mean one satisfying conditions given
in [12] which include the null curvature condition
8 We focus on the screen entanglement proposal because it is a
generalization of the HRT formula that has many desirable fea-
tures [15][16]. Our considerations here apply, however, to any
reasonable extension of covariant holographic entanglement en-
tropy to general spacetimes like that of [17]. Our primary concern
is whether or not any such extension is consistent with quantum
mechanics.
9 As in the dynamical setting in AdS/CFT, here we use the word
“entropy” in a loose sense.
10 The quantum entropy cone [18] for N parties is defined as fol-
lows. Consider a density matrix on the tensor product of N
Hilbert spaces. An entropy vector can then be obtained by com-
puting the von Neumann entropy of every subsystem. The quan-
tum entropy cone is the region of R2
N−1 spanned by these vec-
tors for all choices of the Hilbert spaces and every density matrix.
11 In the static case, this is known to be true for all N [9].
The power of this conjecture is startling: it guaran-
tees that the screen entanglement proposal is consistent
with quantum mechanics in the following sense. If N is
taken to be large enough, the regions {Xi} can cover all
of a time slice of a screen while at the same time hav-
ing area around the UV cut-off scale. The validity of
our conjecture would guarantee the existence of a single
quantum state on a tensor product of N Hilbert spaces,
each assigned to a local subregion Xi, whose von Neu-
mann entropies exactly reproduce all possible entropy
computed with the geometrical proposal involving ex-
tremal surfaces.
This conjecture is a major reason that we strongly ad-
vocate the search for inequalities satisfied by the dynam-
ical holographic entropy cone. (Such inequalities would
most likely also apply to past holographic screens by
virtue of their convexity properties.) In principle such in-
equalities could be used to prove the conjecture directly:
if the dynamical entropy cone is bounded by a polyhedral
cone, then we can attempt to find quantum states with
von Neumann entropies that exactly match the extremal
rays of the bounding cone.
Such an approach is daunting. Fortunately, in section
III we suggest an alternative starting point that is likely
to be much easier and already has the potential to either
strongly support or oppose the screen entanglement con-
struction. Rather than searching for inequalities of the
dynamical cone and then performing the difficult task
of finding quantum states that reproduce corresponding
extremal rays, we advocate the search for a proof that
the dynamical cone satisfies a single additional inequal-
ity that is given in equation (3). This inequality is much
weaker than those known to hold for the static cone so
it should be easier to prove. On the other hand, as ex-
plained below, (3) is a nontrivial inequality for five par-
ties that is expected to hold for the quantum cone. If
it were proven for the dynamical entropy cone then the
screen entanglement proposal would stand on more firm
ground. If it were violated by any ray of the dynamical
entropy cone, then holographic entanglement entropy is
unlikely to generalize beyond AdS/CFT.
III. QUANTUM AND CLASSICAL ENTROPY
INEQUALITIES
Given the considerations above, it is of significant in-
terest in quantum gravity to study the inequalities sat-
isfied by the von Neumann entropy. For N ≥ 3, there is
no proven unconstrained12 inequality other than strong
subadditivity. However, [19] suggested a possibility: that
every balanced [20] inequality satisfied by the Shannon
entropies of the marginals of probability distributions on
N variables is also a valid inequality for the von Neumann
12 See [19] for a definition and analysis of constrained inequalities.
4entropies of subsystems of N -partite density matrices. In
the following we will assume that this conjecture is true
and explore its consequences for the holographic cones
introduced in the previous section.
The study of classical inequalities in the holographic
context is also motivated by the fact that for any N the
static holographic entropy cone is inside of the stabilizer
cone [9], and that stabilizer states satisfy all balanced
classical inequalities [21]. We will briefly comment in the
discussion about the possibility that the conjecture [19]
is false.
Many known balanced classical inequalities can easily
be shown to follow from known inequalities of the dy-
namical holographic entropy cone, even when extended
to general spacetimes with the approach suggested in sec-
tion II. For N = 4 parties, infinitely many classical in-
equalities are known [22]. It is straightforward to check
that all of these inequalities are satisfied by the dynam-
ical holographic entropy cone as a consequence of MMI.
This must be the case: MMI implies the Ingleton inequal-
ity and, for N = 4, the cone of stabilizer states is exactly
given by the Ingleton inequality along with SA, AL, SSA
and WM [23]. Similarly, the MMI cone implies all of the
families of inequalities found in [22], which apply to the
case of N = 5, as well as the families of [24] and [25],
which provide inequalities for every N ≥ 5.
However, a further generalization of [25] was found in
[26] that gives an inequality for any N = k + 4 ≥ 6 13
random variables {A1, . . . , Ak, C,D,E, F}:
k∑
i=1
(S(AiCF ) + S(AiDF ))−
k∑
i=1
S(AiCDF )
− S(A1...AkF )− (k + 1)S(CDEF )− kS(CF )
− kS(DF )− (k − 1)S(EF ) + (k + 1)S(CDF )
+ kS(CEF ) + kS(DEF ) ≥ 0.
(2)
For k = 2 this furnishes an inequality that is not implied
by MMI. It is, however, implied by (15) which is a known
inequality of the static holographic entropy cone [5].
Given a balanced inequality for N parties, either classi-
cal or quantum, one can obtain new inequalities for fewer
variables by assuming that the probability distribution,
or density matrix, factorizes. Applying this procedure to
(2), one can only get other members of the family (for
fewer variables) or new inequalities which are implied by
the MMI cone. However, under the assumption that (2)
are valid quantum inequalities, there are more possibili-
ties.
Introducing the purification O of
{A1, . . . , Ak, C,D,E, F}, new inequalities, which
are physically equivalent to (2), can be obtained using
13 In the k = 1 case the inequality is actually trivial, since it is
simply implied by SA and SSA.
the standard procedure that gives WM from SSA.14
Furthermore, for each of these inequalities, one can re-
duce the number of variables assuming the factorization
of the density matrix as described above.
We have implemented this procedure for (2) in the case
k = 2, for all possible choices of variables, to obtain new
N = 5 inequalities. Most of the new inequalities are
trivial or implied by the MMI cone. However, one is
new:
2S(ABC) + 2S(ABD) + 3S(ABE) + S(ACE)
+ S(ADE) + S(BCE) + S(BDE)− 3S(AB)− S(AE)
− S(BE)− S(CDE)− S(ABCD)− 2S(ABCE)
− 2S(ABDE) ≥ 0.
(3)
This inequality, like any balanced classical inequality,
is implied by the static holographic entropy cone. It
is interesting to note, however, that it is in some sense
“weak.” Suppose that we consider the cone defined by
SA, AL, MMI, and some subset I of the known inequal-
ities of the static entropy cone [5] which are listed in the
appendix. (3) is implied by our cone as long as I con-
tains any one of the inequalities in the appendix with
the exception of (16). Compare this to the N = 6 case
of (2) which is not implied unless I contains (15). The
weakness of (3) is a desirable feature: this new inequality
may be significantly simpler to prove for the dynamical
holographic entropy cone than the stronger inequalities
that appear in the appendix.
In dynamical situations, it is currently not know if the
inequalities of [5] are valid. On the other hand, under the
assumption that (2) is a true quantum inequality, consis-
tency with quantum mechanics would require that (3) is
always satisfied in AdS/CFT. A sensible question then
is whether one can bound the dynamical holographic en-
tropy cone by new inequalities which are strictly weaker
than the ones of [5], but still strong enough such that
(3) is guaranteed to be satisfied. Furthermore, if these
inequalities could be proved using the technique of max-
imin, they would be true also in the context of holo-
graphic screens, providing evidence for the conjecture
discussed in section II. The search for these inequalities
is the focus of the next section.
IV. MAXIMIN PROVABLE INEQUALITIES
Motivated by the observations discussed above, we
would like to find new inequalities for N = 5 that can
be proved in the dynamical setting using the techniques
of maximin. For an inequality to furnish an interest-
ing bound on the dynamical holographic entropy cone, it
14 To derive a new inequality choose one of the variables and replace
each term where the variable appears in the inequality with the
entropy of the complementary subsystem.
5must be independent from the inequalities that define the
MMI cone. Such new inequalities could even be sufficient
to imply (3). Unfortunately, the remainder of this section
demonstrates that no such maximin provable bound on
the dynamical cone can be obtained given the currently
known inequalities of the static cone; the most stringent
inequality that can be proved in the dynamical setting is
in fact MMI.
Consider an inequality which has been proven in the
static case, and write it in the following form∑
I∈I+
c
(+)
I S(XI)−
∑
I∈I−
c
(−)
I S(XI) ≥ 0 (4)
where I± are chosen such that I+ ∪ I− = I and all the
c±I are non-negative. To be able to extend the proof to
dynamical situations using the techniques of maximin, it
is necessary that the negative terms do not overlap. That
is, if I, J ∈ I−, then we must have
XI ⊂ XJ or XJ ⊂ XI or XI ∩XJ = ∅.
Any inequality which has been proven in the static case
and satisfies this condition will be said to be directly
maximin provable (DMP) because the maximin proce-
dure immediately implies its validity for the dynamical
holographic entropy cone. Note however that any conical
combination of DMP inequalities is obviously also a true
inequality in a dynamical situation, although it need not
have the DMP form.
We can list all possible choices of I− which are in DMP
form for N = 5. The possible (overlapping) cases up to
permutations are
I− ⊆ I−1 ≡ {ABCD,ABC,AB,A,B,C,D,E,ABCDE}
I− ⊆ I−2 ≡ {ABCD,AB,CD,A,B,C,D,E,ABCDE}
I− ⊆ I−3 ≡ {ABC,DE,AB,A,B,C,D,E,ABCDE}.
(5)
Here we have chosen to label our subsystems so that I =
P({A,B,C,D,E})\{∅}.
To look for new DMP inequalities, it is more conve-
nient to work with dual cones. For our purposes this
simply means that for a given non-redundant inequality∑
I∈I cIS(XI) ≥ 0 of a cone, we consider the list (cI)I∈I
of its coefficients and we treat that list as an extremal
ray of a new cone in R2
N−1. Any redundant inequality
for an original cone gives a ray in the corresponding dual
cone which is not extremal. For this reason, if S and T
are two convex cones with S ⊂ T , then the dual cones
S∗ and T ∗ satisfy T ∗ ⊂ S∗
Consider now the cone Γ5 obtained by starting with
the MMI cone (which we denote by Ω5 from now on)
and cutting it with the inequalities of [5] listed in the
appendix. The static holographic entropy cone with N =
5 is a subset of Γ5 which is itself a subset of Ω5. In the
dual picture, Ω∗5 is a subset of Γ
∗
5, which is a subset of
the dual to the static holographic entropy cone.
Consider an arbitrary subset G = {g1, . . . , gk} of the
extremal rays of Γ∗5. We denote the subcone of Γ
∗
5 that
they generate as CG. Any element r of CG is a conical
combination of the generators:
r =
k∑
i=1
αigi (6)
where αi ≥ 0 for each i.
A point in r in CG is dual to a (potentially redundant)
inequality for Γ5. We want to know whether or not r has
one of the structures of (5). That is, we wish to know if
r corresponds to an inequality of the form (4) such that
I− ⊂ I−s for some s ∈ {1, 2, 3}. Define I+s = I \ I−s . If
we write r = (rI)I∈I , then the desired condition on r is
rI ≥ 0 ∀ I ∈ I+s (7)
Note that we do not impose any constraint on the com-
ponents rI with I ∈ I−s .
Now we consider the coefficients in equation (6) which
can be regarded as a vector α = (αi)
k
i=1. Choose a par-
ticular DMP structure by taking s ∈ {1, 2, 3}. Then, (7)
gives a collection of inequalities we can impose on α. The
fact that (6) must be a conical combination means that
we have αi ≥ 0 for all i. This set of inequalities (both
those of (7) and the positivity conditions) defines a new
cone in k dimensions so we can find its extremal rays.
These can then be mapped to a collection of rays in CG
which furnishes a subcone C
I−s
G ⊆ CG of DMP rays for a
particular structure I−s .
We can repeat this process not only for {I−s | s =
1, 2, 3}, but also with the larger collection P of all per-
mutations of these three structures. This gives a family
of cones {CI−G | I− ∈ P} inside CG. The space spanned
by all rays (i.e. inequalities in the original picture) in
CG that can be proved (both directly and indirectly) for
dynamical situations using maximin techniques is then
CMmG = cone
( ⋃
I−∈P
CI
−
G
)
, (8)
the conical hull of the cones in {CI−G | I− ∈ P}.
In principle we could obtain all the DMP inequalities
of interest by applying the previous procedure with G
taken to be the full set of generators of Γ∗5, rather than to
a smaller subset. However this is impractical due to the
highly complicated structure of the cone. Furthermore,
we are only interested in the complement of Ω∗5 in Γ
∗
5.
Consider a facet f of Ω∗5. Since we are working in
the dual picture, this is one of the extremal rays of Ω5
(see the appendix VI). The hyperplane Σf correspond-
ing to the facet divides the full space into two halfspaces:
R2
N−1 = H(+)f ∪H(−)f ∪Σf . The closure of one of the half-
spaces, which we choose to be H
(+)
f , contains the whole
Ω∗5. We can then cut Γ
∗
5 using Σf and focus only on the
subcone in H
(−)
f . We classify the extremal rays of Γ
∗
5
6according to their location. We denote by g+ the collec-
tion of generators of Γ∗5 in H
(+)
f , by g
− the generators in
H
(−)
f , and by g
0 the generators that lie on Σf .
One could hope that the extremal rays of the subcone
CGf ≡ Γ∗5 \H(+)f are precisely g− ∪ g0 but this is not the
case in general. There are additional extremal rays for
this subcone which we denote by g˜0. Note that g˜0 ⊂ Σf .
The subcone CGf ⊂ H(−)f ∪ Σf is generated by Gf =
{g0, g˜.0, g−}
By applying the procedure described above, we can
obtain the full space of maximin rays CMmGf ⊂ CGf . Re-
peating the same procedure for all facets of Ω∗5 we are
guaranteed to cover the entirety of its complement in Γ∗5.
Furthermore, given the large number of symmetries of the
cones, we can largely reduce the problem by considering
only facets up to permutations.
We have now reduced the problem to the search of all
DMP rays inside 29 different subcones CGf , one for each
of the facets reported in the appendix VI. Due to the
large number of generators and the large number of new
rays generated by the cutting procedure, for most facets
the search is still impractical. Note however that for a
few of the facets the problem can be solved easily and no
DMP ray was found outside of Ω∗5. On the other hand,
we can take another approach: we only ask whether or
not any new maximin provable inequality exists, rather
than trying to find the inequalities explicitly. In this case
there is an efficient algorithm that we now explain. The
conclusion of implementing this algorithm is that there
are no maximin provable inequalities corresponding to
rays in Γ∗5 outside of Ω
∗
5. For this reason, solving this
simpler problem is sufficient.
We now describe this algorithm. Start by choosing
a facet f of Ω∗5. From this facet we can determine the
corresponding collection g− of extremal rays of Γ∗5 that
lie in H
(−)
f . Let us denote these generators as
g− = {g−1 , g−1 , . . . , g−n }
and first consider the generator g−1 . We want to check
efficiently whether or not
CI
−
Gf\{g−1 }
= CI
−
Gf ∀ I− ∈ P. (9)
If we wanted to explicitly find the cone CI
−
G using the
procedure described above, we would find the extremal
rays of the cone defined by the inequalities in (7) in ad-
dition to the conditions αi ≥ 0. Instead of solving this
problem we can check that the solution is left unchanged
under the removal of the generator g−1 , i.e. by setting
α−1 = 0, where α
−
1 is the component of α corresponding
to the generator g−1 . This is equivalent to adding the new
constraint α−1 ≤ 0 to the system of inequalities. Thus,
(9) is equivalent to checking that the extra inequality
α−1 ≤ 0 is redundant; this redundancy checking can be
done efficiently using standard linear programming tech-
niques.
Suppose that we find that (9) is indeed satisfied. We
can then repeat the procedure and ask if
CI
−
Gf\{g−1 ,g−2 }
= CI
−
Gf\{g−1 }
∀ I− ∈ P. (10)
This can be done exactly as above except that the space
of α parameters is taken to have one less dimension be-
cause we put α−1 = 0 in all inequalities. Assuming that
(10) is found to be true, we can continue to iterate this
procedure until a DMP inequality is proven to exist out-
side of Ω∗5 or until we conclude that
CI
−
Gf\g− = C
I−
Gf ∀ I−. (11)
If (11) is found to be true, we would conclude that there
is no DMP ray in H
(−)
f . On the other hand, it is still
possible that DMP rays exist on Σf , and in fact this
must be the case since Σf also contains the facet f of
Ω∗5, which is generated by DMP rays. However, notice
that if, after repeating the same search for all possible
choices of f , we find that there is no DMP ray in any
H
(−)
f , we can conclude that there is no DMP ray in the
entire complement of Ω∗5 in Γ
∗
5.
After completing the entire search numerically, we con-
firm that this is indeed the case. Therefore we conclude
that starting from the inequalities of [5] (which define
Γ5), the technique of maximin cannot be used to prove
any new useful inequality for dynamical situations.
V. DISCUSSION
The most important open problem discussed above is
to determine whether or not the dynamical holographic
entropy cone for N regions lies within the quantum cone
for N regions. Because so little is known about the quan-
tum cone, we have chosen to trust the conjecture of [19]
that all balanced classical inequalities are valid quantum
inequalities.
The immediately startling feature of this assumption
is the power of MMI. The dynamical entropy cone (and
its holographic screen generalization [8]) is bounded by
the MMI cone, and the MMI cone already satisfies ev-
ery known balanced classical inequality with the only
exception of the family given in (2). For N = 5 this
family furnishes the inequality (3) which cuts the N = 5
MMI cone. A proof of (3) for the dynamical cone, while
less ambitious than demonstrating that every static in-
equality holds dynamically, would constitute powerful ev-
idence for the conjecture that the dynamical entropy cone
implies all balanced classical inequalities which, in turn,
suggests (by [19]) that the dynamical cone lies in the
quantum cone. We have explained above how this state-
ment motivates the extension of covariant holographic
entanglement entropy to general spacetimes.
Unfortunately, our major technical result in section IV
is that the maximin technique cannot currently prove
7any inequality that cuts the MMI cone for N = 5. This
result directly relied on what is presently known about
the static holographic entropy cone for five regions. We
expect additional inequalities, beyond those given in ap-
pendix VI to be valid for the static cone. Upon their dis-
covery our procedure can be performed again, potentially
revealing the existence of a nontrivial maximin provable
inequality. We expect that this outcome is unlikely and
that new technology is necessary to prove (3) dynami-
cally.
We cannot rule out the possibility that the MMI cone
and the dynamical holographic entropy cone coincide. If
this is the case, then there are two possibilities. If the
conjecture of [19] is correct, then we would conclude that
certain geometries are not realizable in AdS/CFT, a pos-
sibility discussed in [6]. This would mean that certain
cases of the screen entanglement proposal violate quan-
tum mechanics, suggesting that the construction is unim-
portant in quantum gravity. The other possibility is that
the conjecture of [19] is false, in which case we have little
guidance with regard to the quantum cone. Given that
our interpretations strongly rely on the assumption that
balanced classical inequalities are quantum inequalities,
it is critical to explore the validity of this conjecture in
future work.
VI. APPENDIX
For the convenience of the reader we report here the
new N = 5 inequalities proven in [5] for the static holo-
graphic entropy cone.
S(ABC) + S(BCD) + S(CDE) + S(DEA) + S(EAB) ≥
S(AB) + S(BC) + S(CD) + S(DE) + S(EA) + S(ABCDE) (12)
2S(ABC) + S(ABD) + S(ABE) + S(ACD) + S(ADE) + S(BCE) + S(BDE) ≥
S(AB) + S(ABCD) + S(ABCE) + S(ABDE) + S(AC) + S(AD) + S(BC) + S(BE) + S(DE) (13)
S(ABE) + S(ABC) + S(ABD) + S(ACD) + S(ACE) + S(ADE) + S(BCE) + S(BDE) + S(CDE) ≥
S(AB) + S(ABCE) + S(ABDE) + S(AC) + S(ACDE) + S(AD) + S(BCD) + S(BE) + S(CE) + S(DE) (14)
S(ABC) + S(ABD) + S(ABE) + S(ACD) + S(ACE) + S(BC) + S(DE) ≥
S(AB) + S(ABCD) + S(ABCE) + S(AC) + S(ADE) + S(B) + S(C) + S(D) + S(E) (15)
3S(ABC) + 3S(ABD) + 3S(ACE) + S(ABE) + S(ACD) + S(ADE) + S(BCD) + S(BCE) + S(BDE)
+ S(CDE) ≥ 2S(AB) + 2S(ABCD) + 2S(ABCE) + 2S(AC) + 2S(BD) + 2CE)
+ S(ABDE) + S(ACDE) + S(AD) + S(AE) + S(BC) + S(DE) (16)
Additional (but physically equivalent) inequalities can be
found using purifications in the same way as one can
obtain weak monotonicity from strong subadditivity.
We also report all of the extremal rays of the N = 5
MMI cone up to symmetries. We present these rays using
the following ordering of the 31 components:
(A,B,C,D,E,AB,AC, . . . , AE,BC, . . . ,DE,
ABC, . . . , CDE,ABCD, . . . , BCDE,ABCDE)
(17)
Here, A means S(A), and so on.
The first three rays below are inherited from the N =
2, 3, and 4 cones respectively. All of the other rays are
new. The fifth and sixth rays below are the only ones
that violate some permutation of (3).
(1, 1, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 1, 1, 0)
(0, 0, 1, 1, 1, 0, 1, 1, 1, 1, 1, 1, 2, 2, 2, 1, 1, 1, 2, 2, 2, 2, 2, 2, 1, 2, 2, 2, 1, 1, 1)
(0, 1, 1, 1, 1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 3, 3, 2, 2)
(1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 1)
(1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 2, 2, 2, 2, 2, 1)
(1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 2, 2, 2, 2, 2, 1)
8(1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 2, 2, 2, 2, 2, 1)
(1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 2, 3, 2, 3, 2, 2, 2, 2, 2, 1)
(1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 2, 3, 3, 3, 2, 2, 2, 2, 2, 1)
(1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 2, 2, 2, 2, 2, 1)
(1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 2, 3, 3, 2, 2, 2, 2, 2, 1)
(1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 2, 2, 2, 2, 2, 1)
(1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 2, 2, 3, 3, 3, 3, 2, 2, 2, 2, 2, 1)
(1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 3, 2, 2, 2, 2, 2, 1)
(1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 2, 3, 3, 3, 3, 3, 2, 2, 2, 2, 2, 1)
(1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 1, 3, 3, 3, 3, 3, 3, 3, 3, 3, 2, 2, 2, 2, 2, 1)
(1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 2, 2, 2, 2, 2, 1)
(1, 1, 1, 1, 2, 2, 2, 2, 3, 2, 2, 3, 2, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 4, 4, 3, 3, 3, 3, 2)
(1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 4, 4, 4, 4, 4, 3)
(1, 1, 1, 1, 2, 2, 2, 2, 3, 2, 2, 3, 2, 3, 3, 3, 3, 2, 3, 4, 4, 3, 4, 4, 4, 4, 3, 3, 3, 3, 2)
(1, 1, 1, 1, 2, 2, 2, 2, 3, 2, 2, 3, 2, 3, 3, 3, 3, 4, 3, 4, 4, 3, 4, 4, 4, 4, 3, 3, 3, 3, 2)
(1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 4, 4, 4, 4, 4, 4, 3, 3, 5, 5, 5, 5, 4, 4, 4, 4, 3, 3, 2)
(1, 1, 1, 2, 2, 2, 2, 3, 3, 2, 3, 3, 3, 3, 4, 3, 4, 4, 4, 4, 5, 4, 4, 5, 5, 5, 5, 4, 4, 4, 3)
(2, 2, 2, 2, 3, 4, 4, 4, 5, 4, 4, 5, 4, 5, 5, 4, 6, 5, 6, 5, 5, 6, 5, 5, 5, 6, 5, 5, 5, 5, 3)
(2, 2, 2, 2, 3, 4, 4, 4, 5, 4, 4, 5, 4, 5, 5, 4, 6, 5, 6, 5, 5, 6, 5, 5, 7, 6, 5, 5, 5, 5, 3)
(2, 2, 2, 2, 3, 4, 4, 4, 5, 4, 4, 5, 4, 5, 5, 4, 6, 5, 6, 5, 5, 6, 7, 5, 7, 6, 5, 5, 5, 5, 3)
(2, 2, 2, 2, 3, 4, 4, 4, 5, 4, 4, 5, 4, 5, 5, 4, 6, 5, 6, 5, 7, 6, 7, 7, 7, 6, 5, 5, 5, 5, 3)
(2, 2, 2, 2, 3, 4, 4, 4, 5, 4, 4, 5, 4, 5, 5, 4, 6, 5, 6, 7, 5, 6, 7, 7, 7, 6, 5, 5, 5, 5, 3)
(2, 2, 2, 3, 3, 4, 4, 5, 5, 4, 5, 5, 5, 5, 6, 6, 5, 7, 7, 5, 6, 7, 7, 6, 6, 7, 7, 6, 6, 6, 4) (18)
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